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SUMMARY 

The multiple-scattering technique proposed by Mudgett and Richards is the 
first applicable rigorous theory permitting the computations of reflectance of 
pigmented surfaces from the size and refractive index of pigments. The 
validity of this theory is established by comparing the experimental values of 
the reflectance offourpaint samples with the theoretically predicted values. A 

further theoretical study on the variations in reflectance with particle size and 
refractive index (real and imaginary part of the refractive index) is carried 
out covering the range of relevance to paint technology. The study revealed 
that the error in the real part of the refractive index does not introduce a 
signtjicant error in rejIectance values. A small error in the absorption index, 
however, considerably changes the reflectance values and the error in particle 
size signtficantly aflects the results in absorbing systems rather than in non- or 
weakly-absorbing systems. 

1 INTRODUCTION 

It is generally recognized that a multiple-scattering calculation scheme to 
predict precisely the reflectance of a coating would have potential use in both 
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scientific and technological applications. The simplest scheme which is most 
widely used in the paint and coating industries is the Kubelka-Munk 
(hereafter abbreviated as K-M) two-flux theory. The prediction of 
reflectance using the K-M theory requires the experimental determination 
of the values of the K-M coefficients for each colorant.‘-3 The K-M theory 
is a highly simplified version of radiative transfer theory and assumes 
isotropic distribution of light within the paint film. This condition is not 
satisfied in several cases, particularly in metallic paint films where the 
pigment scatters light in a preferential direction and the sample exhibits 
geometric metamerism.4 Deviation from isotropic distribution also occurs 
to some extent in thin films and in dark shades. The reflectances predicted by 
the K-M theory do not therefore always satisfactorily agree with 
experimental data. 

Attempts have been made to introduce more complex theories, e.g. by 
Viil~~‘~ and Beasley et d.,’ by increasing the fluxes from two to four. The 
application of this theory is complex and requires the determination of 
several constants and this has therefore discouraged its widespread use. 
Mudgett and Richards have proposed a theory to include any number of 
fluxes.8-10 This technique is known as the many-flux (hereafter abbreviated 
as M-F) or multichannel technique. The theoretical expressions of the M-F 
theory are highly involved, but the theoretical computations can be carried 
out using Standard IBM Subroutine Packages. The theory has been applied 
to metallic paints and the results obtained are very encouraging.4 

The M-F technique is based on sound theoretical principles and is the first 
theory of this nature which can predict the reflectance of coating/paint film 
from fundamental characteristics of colorants, e.g. refractive index and 
particle size. Academically it is more attractive, but the practical 
determination of optical and morphological characteristics of particulate 
matter with great precision is difficult. i1*12 The refractive index consists of 
two parts, viz. the real part of the refractive index (11~~) and the imaginary 
part of the refractive index (nlM): nRE is determined by the velocity of light in 
the medium and nIM depends on the absorption characteristics of the 
material. The refractive index of a given material varies with the wavelengths 
and very few direct methods are available to determine the refractive index 
of particulate matter; the results obtained for the same material by different 
authors differ considerably. 13,14 There are several optical and non-optical 
methods which can be used to determine the particle size of colorants.15 
Most particulate systems are polydispersed in nature and the particle size 
determined by different methods gives different averages of the systems. 
Thus, even when all possible care is taken in the determination of the optical 
and morphological properties of colorants, there is likely to be some 
uncertainty in these values. This may thus adversely affect the values of the 
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reflectance computed using the M-F technique, taking size and refractive 
index as input parameters. 

The objective of this study is to assess the effect of variation of naE, nIM and 
particle size on the reflectance computed using the M-F theory. In the first 
part of this paper, we have established the validity of the M-F theory by 
comparing the experimentally determined and theoretically predicted 
reflectance of four paint samples. In this case, the experimental data are 
compared with theoretical results only for wavelengths for which the 
refractive indices of the pigments are available in the literature. In the latter 
part of the paper, the reflectance of systems with varying size and refractive 
index are calculated and the sensitivity of these parameters to the final value 
of the reflectance is discussed. 

2 MANY-FLUX THEORY 

The theoretical development of turbid medium theory has resulted from the 
work by astrophysicists interested in understanding the passage of a light 
beam through a stellar atmosphere. The important calculation methods 
have been developed by nuclear physicists interested in calculating the 
neutron flux in a reactor. Research workers in the field of paint technology 
have adopted these methods but with a necessary simplification incorporat- 
ing only the requirements of the subject. One of the important contributions 
in this direction have been made by Mudgett and Richards,8-‘o who have 
developed relatively rigorous treatment to the discrete ordinate method to 
account for diffuse reflectance and transmittance by dispersed media. In this 
approach, the light passing through the paint film is divided into a large 
number of channels. Each channel covers different ranges of angles from 
perpendicular to horizontal, as shown in Fig. 1. In half the channels light is 
travelling downward and in the other half upward. The change in light flux 
in each channel is expressed by a differential equation and there will thus be 
as many equations of the following form as there are channels: 

dE; ’ 
ri dx = oc 

Sij~ i=1,2 n ,***, (1) 
i=l 

where ri = 1 for i I n/2 and ri = - 1 for i > n/2. In the above, 4 represents the 
monochromatic flux contained within each channel i and n is the total 
number of channels. In propagation of light through turbid media, the 
differential change in flux in the channel on passing through differential 
thickness dx is decided by the increase in flux due to scattering from other 
channels and decrease due to absorption in the channel and scattering out of 
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Fig. 1. The division of directions in space into channels. 

the channel. Thus the coefficients Sij represent the fraction of light received 
in the channel i due to scattering from channels j and the coefficients Sjj 
represent the fraction of loss of flux due to scattering in all other channels 
from channel j plus the absorption of light in channel j. The flux in each 
channel can be obtained by solution of eqn (l), the general solution of which 
is 

n 

&= 
c 

AijCj exp (AjX) 

j=l 

(2) 

where Aj are the eigenvalues and Aij are corresponding eigenvectors of the S- 
matrix formed by the coefficients Sij. The S-matrix will be a square matrix 
and its size depends on the selection of the number of channels. In this 
present study, we have taken 26 channels, giving a 26 x 26 S-matrix. The 
elements of the S-matrix can be evaluated from the scattering coefficient, 
absorption coefficient and phase function of the particle. These parameters 
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in turn can be determined using single-scattering theory from size and 
refractive index of the pigment. We have used Mie theory equations to 
evaluate single-scattering parameters and hence the elements of the S-matrix 
(ref. 9, eqns 25 and 26). 

The eigenvalues and eigenvectors of the S-matrix were evaluated using 
standard computer subroutines HSBG, ATEIG and SIMQ in double 
precision from IBM System 360 Scientific Subroutine Package. The values 
of constants C, depend on the conditions at the boundaries of the turbid 
medium. The condition at the first surface is determined by illuminating 
conditions and that at the second surface depends on the backing near the 
paint film. In the present study, we have determined the reflectance at the 
complete hiding of the paint film illuminated by a collimated beam of light. 
This is in conformity with the actual illuminating condition in the 
instrument used for the experimental measurements. This enables us to 
compare the experimentally determined values with theoretically predicted 
ones. The useful equations of the M-F theory, together with an explanation 
of various parameters and the method of computation, have been previously 
described in detail by us.r6 

3 EXPERIMENTAL MEASUREMENTS 

For the present experimental study, we selected four paint dispersions. Two 
of these are chromatic paints, e.g. Phthalocyanine Green (Ph-G) and iron 
oxide red (Fe-R), and the other two dispersions were of titanium dioxide 
(TiO,) having different average pigment sizes and which were labelled as 
TiO,-A and Ti02-B. The paint films of each dispersion were prepared on a 
Mylar-type polyester film using the variable paint film applicator of 
Gardner Instrument Division, USA. The spectral reflectance of the paint 
films were measured on a Shimadzu recording spectrophotometer model 
UV-240, which is a recording-type double-beam spectrophotometer 
equipped with an integrating sphere of 5 cm diameter and a microprocessor. 
In calibration mode, the 0% line is internally set for the desired range of the 
spectrum and the 100% line is set by keeping pressed white Eastman Kodak 
barium sulphate on the sample and specimen port. 

As the paint film could not be prepared at complete hiding, the 
reflectances of the films were recorded by mounting the films subsequently 
on black and white ceramic tiles. To ensure optical contact between the 
Mylar and background, a drop of ethylene glycol having refractive index 
1.60, almost equal to the refractive index of Mylar, was spread over the tiles. 
The film was mounted, rolled with a clean glass rod and the reflectance at 
complete hiding was then calculated using eqns (l)-(5) (ref. 17, p. 331). 
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The particle size in each pigment dispersion was determined by electron 
microscopy and light-scattering techniques.15 The average of the particle 
sizes determined by both the methods was taken for theoretical 
computation. The absorption coefficient, scattering coefficient and phase 
function were computed from size and refractive index of pigments using 
Mie theory equations. r8 The Mie volume scattering and absorption 
coefhcients of single scattering required for the M-F computations can be 
obtained using equations 

W&a 
s=z x 

k 3rc Qabs 
=2A x 

Here x = 27cr/l is the particle-size parameter, r is the radius of the particle 
and 1 is the wavelength of the incident beam in the medium. The phase 
function data were used to estimate Legendre coefficients a,-a, using 

s 180 

a, =<t++) f(f))Pl(cos 0) sin 8 d8 
0 

The integration can be performed using the subroutine QSF of IBM 
Scientific Subroutine Packages. The function f(S) represents the angular 
scattering pattern of the particle, commonly known as the phase function, 
and it can be calculated using the Mie theory equations. These single- 
scattering parameters were used to compute the reflectance of the paint film 
using the M-F theory. The experimental and theoretical value of reflectance 
for all the four paint samples are compared in Table 1. The values are in good 
agreement and this establishes the validity of the M-F theory. Small 
deviations of the theoretical values from experimental ones can be 
accounted for as due to polydispersity in pigment sizes. Further, the 
refractive indices of the pigments used in the study are not measured, but 
have been directly taken from the literature.13*1g*20 This also affects the 
theoretical values of the reflectance. 

TABLE 1 
Comparison of Experimental and Theoretical Values of Reflectance of Paint Films 

Pigment Radius of Wavelength Relative k/s R, 
pigment lnmf refractive 
particle index Theoretical Experimental 

bmf 

Ph-G 0.083 8 436 1.227 - 0.08% 2.3110 0.016 1 0~0120 
Fe-R a049 0 436 1.951 - 0.2i 3.218 2 0.029 8 0.017 7 
TiO,-A 0.0700 405 2.068 7 - 0000 14i 0.0110 0.593 0 0.589 6 
Ti02-B 0.1045 546 1.836 - OQOi 10-6 0.837 1 08416 
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4 COMPUTATIONAL ANALYSIS USING THE M-F THEORY 

The M-F theory is based on sound theoretical principles and the data 
reported in the previous section demonstrate the validity of the theory in 
predicting reflectance from the size and relative refractive index of pigments. 
The results reported by Billmeyer and Carter,4 for metallic paints using the 
M-F theory also confirmed the usefulness of the theory. We therefore carried 
out a study to analyse the effect of various parameters on the reflectance of 
paint film. 

In the present calculation, we have used 26 fluxes to predict the reflectance 
of paint films. The Mie theory scattering coefficients, absorption coefficients 
and phase functions have been calculated using the Mie theory double 
precision program developed by J. V. Dave.*’ The results of the com- 
putations are given in Tables 2-8. Table 2 gives the values of reflectance 

TABLE2 

Effect of Variations in nRE on Reflectance for non-Absorbing 
Pigments having Size Parameter x = 2 

Relative refractive 
index 

W Reflectance 

1.227 - O.Oi 10-6 0813 1 
1.836 - O*Oi 10-6 0.8089 
1.850- O.Oi 10-6 0.809 0 
1.900 - O.Oi 10-6 0809 3 
1.950 - O.Oi 10-6 0.8095 
1.983 - O.Oi 10-6 0.8095 
2aOO-o~oi 10-6 0.8095 
2.075 -O.Oi 10-6 0.8080 

TABLE3 
Effect of Variations in nRE on Reflectance for Absorbing Pigments 

having Size Parameter x = 1.9 

Relative refractive 
index 

W ReJectance 

0933-O.li 7.485 2 OGOO 34 
l~lOO-o*li 7.0120 oGO12 
1.227-O.li 1.960 9 0.005 7 
1.400-O.li 1.5464 oGO7 9 
1.500-O*li 1.101 6 0.013 2 
1.600-O.li 0.887 8 0.0168 
1.700-O*li 0.8619 0.015 2 
1.800-O.li 0.948 5 0.012 3 



H. S. Shah, K. T. Mehta 

TABLE 4 
Effect of Variations in n, on Reflectance for Optically Soft 

Pigments having Size Parameter x = 1.26 

Relative refractive 
index 

kls Reflectance 

1.227-O*OOli 0.038 0 0.387 5 
1.227-@Oli 0.380 0 0.1102 
1.227 - 0*05i 1.929 4 0.027 8 
1.227-Oli 3.263 5 0015 5 
1.227 - @15i 4.321 1 0.012 2 
1.227 - @2Oi 4.702 8 @OllO 
1.227 - 0*25i 4.756 2 00107 
1.227 - 03Oi 4.629 1 O-0109 
1.227 - 0*35i 4.416 2 0.0113 
1.227 - 0*4Oi 4.169 7 0.0119 

TABLE 5 
Effect of Variations in Q,, on Reflectance for Optically Hard 

Pigments having Size Parameter x = 2.3 

Relative refractive 
index 

kls Reflectance 

1.951-OGOli OQO3 4 0.657 7 
1.951 -O.Oli 0.3413 0.333 8 
1.951 -O*li 03182 @069 5 
1.951 - 0.2i 0.582 9 0.033 7 

TABLE 6 
Effect of Variations in nIM on Reflectance for Optically Hard 

Pigments having Size Parameter x = 2.07 

Relative refractive 
index 

W RefZectance 

2.075 - OQO 1 i 0.004 1 0.642 6 
2.075 - 0.01 i 0.039 8 0.322 0 
2075 - 0*07i 0.250 6 0.069 3 
2.075 - Oeli 0.340 4 0.067 3 
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TABLE 7 
Effect of Variations in Particle Size on Reflectance for 

m = 1.983 -O*Oi, L = 436 nm 

Radius of particle Particle size 

(lun) parameter, x 

0046 3 1.0 
o*oss 5 1.2 
0.064 8 1.4 
0.074 0 1.6 
0.083 0 1.8 
0092 5 2.0 
01157 2.5 

Vs Reflectance 

10-6 0.835 5 
10-6 0.834 0 
10-6 0.842 5 
10-6 0.848 5 
10-6 0.844 1 
10-6 0.845 2 
10-6 0840 0 

TABLE 8 
Effect of Variations in Particle Size on Reflectance for Absorbing Pigments 

Refractive index 
and wavelength 

Radius of 
particle 

km) 

Size 
parameter, 

X 

kls Reflectance 

m = 1.951 -0*2i @009 2s 0.2 54.528 7 oGO2 1 
A=436nm 0.027 76 06 2.457 0 0.034 0 

0.064 77 1.4 0.608 9 0.043 3 
0.101 77 2.2 0.583 4 0.030 7 
0.138 78 3.0 0.872 8 0.019 7 

m = 2.068 7 - OQOO 14i 0.094 5 2.2 0.0110 05810 
1=4OSnm 0.103 1 2.4 0.0110 0.593 1 

@I107 2.6 00129 0.5610 

m = 1.227 - 0*08Si oGO9 2s 0.2 408.94 ONIO 3 
il=436nm 0.027 76 06 17.3042 0005 9 

0.037 01 0.8 9.043 5 0.010 8 
oQ64 77 1.4 2.577 7 0.016 6 
0092 52 2.0 1.621 6 OGO6 1 
0.12028 2.6 1.1522 0008 7 
0138 78 3.0 0.999 9 oQO9 3 

m= l-2867-017i 0009 2s Q2 428640 0 0GOO 3 
1=436nm 0027 76 O-6 18.1625 0.005 6 

0.064 77 1.4 2.843 1 0.013 8 
0.107 77 2.2 1.625 5 0.005 9 
0.138 78 3.0 1.2106 oT04 5 
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for non-absorbing systems. The results show that a variationin refractive 
index from 1.227 to 2.00 does not significantly affect the reflectance values. 
Table 3 gives the results of variation in the real part of the refractive index for 
absorbing particles having a fixed value of the imaginary part of the 
refractive index. The results show that the reflectance increases with increase 
in the real part of refractive index up to 1.6 and then decreases. Tables 4-6 
give the values of reflectance and k/s for a fixed value of the real part of the 
refractive index but different values of the imaginary part. These tables show 
that the reflectance changes remarkably as the system changes from a non- 
absorbing to even a weakly-absorbing one, this being due to the fact that 
optical efficiency for absorption is very high for small particles.22 Table 7 
gives the variation in refl~tance with particle size for non-absorbing 
systems. It can be seen that as the particle size varies in the range r= 
O-0464 pm to r = O-1 157 pm for A= 436 nm, the reflectance values are within 
the range 0.83 to 0.85. Thus the small variations in particle size have 
negligible effect on the calculated reflectance. Table 8 shows the effect of 
variations in particle size on reflectance for absorbing pigments. For weakly- 
absorbing particles for m = 2.0687- 1.4 x 10e4i, the reflectance values do 
not change significantly with particle size, but for highly absorbing systems, 
i.e. for m = 1+951- 0*2i, the reflectance varies signi~cantly with the size of 
pigments, initially increasing up to about 0*07~m radius and then 
decreasing. 

5 DISCIJSSION 

The comparison of experimental and theoretical values of reflectance 
establishes the applicability of the M-F technique to paint technology. The 
theory can be employed to predict the reflectance of the pigmented object 
and hence the colour with the variation in the optical and morphological 
characteristics of the pigment. The object of this work was to identify the 
parameters of which small variations may significantly affect the reflectance 
values, rather than to give a large amount of theoretical data. The analysis 
shows that the reflectance of the pigmented object is least sensitive to 
variation in the real part of the refractive index for non-absorbing systems. 
Therefore the refractive index available at the central wavelength of visible 
region can be used for the computation of reflectance over the entire 
spectrum. The same is true for weakly-absorbing systems. The amount of 
light reflected by the pigmented material is highly sensitive to even small 
changes in ylrM, p articularly for weakly-absorbing systems. Therefore it is 
necessary to determine nfM precisely at all wavelengths in order to predict the 
reflectance of the paint film and reliable methods are available for the 
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determination of Q, of pigments.23-25 Further, in the range of size of 
interest to paint technology, for non-absorbing systems such as TiO, and 
BaSO,, the reflectance values do not change with variation in pigment size. 
This is because the optical efficiency for scattering is not very sensitive to 
particle size in the lower range of submicron size. For moderately and highly 
absorbing systems, the reflectance is sensitive to change in particle size. It can 
thus be concluded that for chromatic pigments, a highly precise value of Q,, 
and a moderately reliable value of particle size is required in order to predict 
the correct value of reflectance using the M-F theory. 

The work reported in this present study is of a preliminary nature and 
further studies on, for example, calculations of reflectance considering the 
polydispersity of pigments and of the reflectance of admixtures of colorants 
using the M-F equation are of interest. Once the reflectance prediction using 
M-F theory is fully established, the method can be compared with results 
from other systems. The M-F theory would be expected to give satisfactory 
results even in cases where K-M theory fails, e.g. for dark shades and for 
automotive paints. We hope to report studies in this respect in the future. 
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